A longstanding question in superstring/M theory is does it predict supersymmetry below the string scale? We formulate and discuss a necessary condition for this to be true; this is the mathematical conjecture that all stable, compact Ricci flat manifolds have special holonomy in dimensions below eleven. Almost equivalent is the proposal that the landscape of all geometric, stable, string/M theory compactifications to Minkowski spacetime (at leading order) are supersymmetric. For simply connected manifolds, we collect together a number of physically relevant mathematical results, emphasising some key outstanding problems and perhaps less well known results. For nonsimply connected, non-supersymmetric Ricci flat manifolds we demonstrate that many cases suffer from generalised Witten bubble of nothing instabilities. 1 1 The case of Hull-Strominger [24] metrics should also be considered, but these are Ricci flat at lowest order in the string tension. Note also that Type IIB flux compactifications are conformally Ricci flat [4, 20] .
Introduction.
Superstring/M theory seems to be a promising framework for studying quantum gravity and the fundamental interactions of nature. A longstanding question has been, does superstring/M theory predict supersymmetry at low energies i.e. below the Planck, string , Kaluza-Klein or GUT scales?. We will consider whether or not all stable compactifications to Minkowski spacetime are supersymmetric. In other words, is the low energy effective physics of superstring/M theory supersymmetric just below the compactification scale? In this paper we will address some necessary mathematical conditions for this to be the case, irrespective of the scale of supersymmetry breaking or the fine-tuning/hierarchy problem(s). We will see that the question is related to some challenging problems in differential geometry and global analysis such as the existence of compact, Ricci flat, Riemannian manifolds with generic holonomy groups.
We will be mainly interested in vacuum solutions of superstring/M theory which are well approximated by the low energy supergravity approximation. In this approximation solutions consist of specifying a ten or eleven manifold, M , together with some specified geometric data. This data consists of specifying a Lorentzian metric on M plus possibly other fields which will play little role in the sequel. The specified metric satisfies the Einstein equations (sourced by the other fields if present). This constitutes a classical approximation to a point in the String Landscape [40] . In principle, quantum effects will generate corrections to this classical solution but we will mostly concern ourselves with points in the String Landscape for which these corrections are small. We will thus be interested in points in the String Landscape described by classical geometry.
Motivated further by phenomenological considerations, we will only be interested in solutions which have some number of compact dimensions of space. For this one considers vacua in the string Landscape in which M takes the form X × N where X is compact and N is a maximally symmetric Lorentzian spacetime. The metric on X × N is typically conformal to a product, ds 2 = g(X) + g(N ), where g(N ) is either the Minkowski, anti-de Sitter (AdS) or de Sitter metric. In the AdS case, g(X) is typically a positive scalar curvature Einstein manifold, whereas in the Minkowski case it is typically a Ricci flat metric or conformal to one 1 . In the AdS case, Ooguri and Vafa have conjectured and provided evidence that the only stable AdS compactifications of superstring/M theory are supersymmetric [33] . The present paper discusses some analogous questions for Minkowski spacetimes. For a statistical approach to the problem of supersymmetry breaking see [12, 11] .
When g(N ) is the Minkowski metric, g(X) typically has zero Ricci tensor. Hence, we will mainly be concerned with compact, Ricci flat manifolds. If suitably stable under quantum corrections of all kinds, both perturbative and non-perturbative, then (X, g(X)) is a good approximation to a vacuum state of superstring/M theory -a point in the String Landscape. This point in the landscape, at low energies, is described by an effective quantum field theory which includes gravity. The full theory is expected to be a consistent quantum theory of gravity coupled to matter. There is thus a correspondence between physical theories and compact, stable, Ricci flat manifolds 2 . One is thus interested in navigating and charting the landscape of all compact Ricci flat manifolds up to dimension ten.
A basic structural result states that any compact Ricci flat manifold (X, g(X)) is isometric to a finite quotient of a product of compact Ricci flat manifolds. Thus, up to finite, discrete quotients, compact Ricci flat manifolds factorise. The prime factors in this decomposition are either compact and simply connected or they are flat tori. This factorisation is known as the Cheeger-Gromoll splitting theorem 3 [9] . Therefore, we can consider the following four classes of compact Ricci flat manifolds: Type A): simply-connected, Type B): finite quotients of simply connected, Type C): finite quotients of flat tori and Type D): finite quotients of products of Type A) with tori.
Physically, Ricci flat manifolds have had a significant role. The seminal publication of [8] established what has turned out to be a long lasting relationship between superstring theory and the study of Ricci flat manifolds with special holonomy groups. This relationship has been extremely fruitful, leading to remarkable results such as mirror symmetry for Calabi-Yau manifolds and enumerative properties such as Gromov-Witten, Donaldson-Thomas and Gopakumar-Vafa invariants, the construction of compact manifolds with holonomy groups G 2 and Spin (7) and much more. Somehow, underlying all of this is an intuition that Ricci flat special holonomy manifolds are rather magical, rich mathematical objects.
The present paper discusses the possibility (and a number of closely related conjectures) that the the only Ricci flat, compact, simply connected manifolds are special holonomy manifolds.
This conjecture is interesting both physically and mathematically. Physically, if it were true, it would be a strong mathematical argument in favour of supersymmetry, irrespective of the hierarchy or naturalness problems. This is because Ricci flat, special holonomy manifolds admit parallel spinors and hence the corresponding vacuum solution is supersymmetric. In particular, if the conjecture were true, it implies that all consistent theories in the geometric regime with zero vacuum energy (at least at tree level) have supersymmetry below the Kaluza-Klein scale. This would be a necessary condition for asserting that superstring/M theory predicts supersymmetry below the Kaluza-Klein scale. Supposing that the conjecture were true, one might then be tempted to speculate that such a theorem extends beyond the geometric regime to all models of quantum gravity in Minkowski spacetime which arise from superstring/M theory, implying that all non-supersymmetric Minkowski spacetime vacua are in the Swampland; this is in fact a conjecture that Banks has made from various different points of view [3] . Mathematically, regardless of whether it is true or not, we believe that that the question raises some interesting questions in differential geometry and analysis, such as the existence of Ricci flat metrics with generic holonomy in the compact setting.
In subsection 1.1 review the relationship between Ricci flat manifolds and supersymmetry and state our main conjecture. Subsection 1.2 gives a rough sketch of the splitting theorem for Ricci flat manifolds. In section 2 we consider stability questions which leads to a refinement of the conjecture. In section 3 we discuss the conjecture in the simply connected (Type A) category gathering together what is known in dimensions four and eight and demonstrating ways in which Ricci flatness can fail. In section 4 we demonstrate that many non-supersymmetric Ricci flat manifolds of Type C suffer from generalised Witten (bubble of nothing) instabilities. We argue that non-supersymmetric Type B Ricci flat manifolds may suffer a similar fate.
Supersymmetry, Holonomy and Ricci flat backgrounds
At a fundamental level, the relationship between physics and Ricci flat special holonomy manifolds comes from supersymmetry. Supersymmetric theories are mathematical models of physical systems whose underlying symmetry group is a supergroup. In most applications, this supergroup contains and extends the Poincare group. At the Lie algebra level, the symmetry algebra is a graded extension of the Poincare algebra. The grading distinguishes bosons (which are described by e.g. scalar, vector or tensor fields) from fermions (which are described by spinor fields). From a physical point of view, the key underlying property that a Ricci flat, special holonomy metric has, which distinguishes it from a generic metric, is that there exists a spinor field which is parallel with respect to the Levi-Cevita connection. In fact, the existence of such a parallel spinor is an equivalent definition of a Ricci flat special holonomy manifold. This is because parallel fields must be holonomy singlets and this requires holonomy reduction. A simply-connected compact manifold admits parallel spinors with respect to the Levi-Cevita connection of a Riemannian metric if and only if that metric has special holonomy [39] .
The Berger holonomy classification [5] , which was later refined by Simons [37] asserts that Riemannian metrics on a simply connected oriented manifold, X n , of dimension n must have one of the holonomy groups listed in Table  1 . Hence, for our purposes, g X must belong to one of the Ricci flat cases, namely SU (n) (aka Calabi-Yau), Sp(k) (aka hyperKähler) or one of the two exceptional cases, G 2 or Spin (7) .
There remains however the open possibility, labeled by the three question marks in Table 1 , that a compact, simply connected manifold with generic holonomy could be Ricci flat. In this case, such a manifold would provide, at least at leading order, a (possibly unstable, see below) non-supersymmetric background for superstring/M theory. This is the key question considered in this paper.
A physical way of asking the same question is, do compact, simply connected, non-supersymmetric Ricci flat manifolds exist? What would the existence of such a generic holonomy, Ricci flat manifold mean?
Dimension Holonomy Group Ricci Flat Parallel Spinor n Hol(g X )
Spin (7) Yes Yes Table 1 : Riemannian Holonomy Groups, Ricci Flatness and Parallel Spinors.
We will thus consider the following basic conjecture:
Conjecture 1: Any compact, simply-connected, Ricci flat manifold has special holonomy.
The Structure of Ricci-flat manifolds.
We conclude this introduction with a simple intuitive sketch, mainly aimed at physicists, for why the Cheeger-Gromoll splitting theorem, which provides our basic understanding of the structure of Ricci-flat manifolds, is true. This sketch essentially follows the paper of [16] who provided an alternative proof in the Ricci flat case and their work in turn relies heavily on Bochner's techniques [7] . The basic idea is that on a compact Ricci flat manifold any harmonic 1-form is parallel with respect to the Levi-Cevita connection, ∇. Similarly any Killing vector field is also parallel. This then provides a one-to-one correspondence between harmonic one-forms and (Abelian) isometries. Each such one-form corresponds to splitting off precisely one flat direction.
If α is a harmonic one-form, with components α i , we have,
From this it follows that
hence,
establishing that when the Ricci tensor vanishes, α is harmonic if and only if it is parallel. A parallel one-form is dual to a parallel vector field, which thus generates a shift symmetry in the metric and corresponds locally to isometrically splitting off an S 1 factor in the metric. Similar calculations can be used to show that if V is a Killing vector field and the Ricci tensor vanishes that V is parallel and the corresponding one-form is harmonic. Hence the correspondence is in both directions.
2 The Stability of Ricci-flat manifolds.
The background product metric g(M ) is Ricci-flat. However, physically this is not enough to ensure that one has a well-behaved background of superstring/M theory. An important requirement is that the background is stable. This means both that the metric is stable under perturbations and also that the space should not decay into another space as time goes on.
Perturbative Stability
means that the metric g(M ) is stable under perturbations. At first order (i.e. tree level), this is the condition that, in a suitable gauge, the linearisation of Ric(g(M )) = 0 has a positive spectrum. In transverse, traceless gauge, this is equivalent to the spectrum of the so-called Lichnerowicz operator being semi-positive definite. Physically, this is the same as the absence of any negative mass squared modes whose presence would show that the metric, g(M ), is an unstable maximum of the potential: V = − M Rdvol. The Hessian of V should be semi-positive. When g(X) is a Ricci-flat metric of special holonomy, it is always perturbatively stable. In fact, this is guaranteed by supersymmetry: the existence of the parallel spinor(s), allows one to re-write the Lichnerowicz equation as the standard Laplacian acting on p-forms. Thus the condition of tree level perturbative stability is non-trivial only for the case of possible Ricci flat metrics with generic holonomy. Of course, there can in general be loop corrections to the potential, i.e. perturbative quantum corrections. We will not discuss these much here, but mention them for completeness. Since V is the tree level potential it will generate its own loop corrections which could also destabilise the putative Ricci flat metric. If g(M ) has generic holonomy, then the low energy theory is non-supersymmetric and will not enjoy Bose-Fermi mass degeneracy. In this case one expects large quantum corrections to the (classically zero) cosmological constant. This is a straightforward argument which concludes that the vacuum state is not Minkowski in the non-supersymmetric case, but rather de Sitter or anti-de Sitter or perhaps some other cosmological solution. However, the absence of a solution to the cosmological constant problem implies that there are probably many subtleties lurking behind this argument so we will try not to rely on it. See, for instance, [17] and references therein for some studies of non-supersymmetric compactifications of superstring theories, including computations of the effective potential.
Non-perturbative Stability
: From a non-perturbative point of view, the statement is roughly that g(M ) is the metric with lowest energy amongst all metrics on manifolds asymptotic to X ×R D−n,1 . This is exactly as in the positive mass theorems [36, 41] .
Again, for special holonomy metrics, there is a (partial) stability result guaranteeing stability (under suitable conditions) [10] . However, Ricci flat manifolds can be unstable. An example was provided by Witten in [43] , though that particular example was non-simply connected: M = S 1 × R 3,1 with odd spin structure. We will return to the topic of non-simply connected Ricci flat manifolds later arguing that many of them have similar instabilities.
Physically, we are thus motivated to refine Conjecture 1:
Conjecture 2: Any stable Ricci flat metric on a compact, simply connected manifold has special holonomy.
A perhaps more direct, physical, related conjecture, which includes the possibility of Type B) and C) manifolds is
Conjecture 3: Any absolutely stable geometric compactification of superstring/M theory to Minkowski space is based on a special holonomy Ricci flat metric on a compact manifold.
Notice that a counterexample to Conjecture 3 would be an absolutely stable non-supersymmetric string theory in asymptotically Minkowski spacetime and would rule out the possibility that superstring/M theory predicts supersymmetry below the compactification scale. Conjecture 1 implies Conjecture 2 and Conjecture 2 is a necessary condition for proving Conjecture 3. Conjecture 3 is difficult since one requires control of quantum corrections to the potential in putative non-supersymmetric counterexamples such as [17] . A proof of Conjecture 1 or Conjecture 2 is necessary to demonstrate that geometric compactifications of superstring/M predict supersymmetry below the compactification scale.
Obstructions to Ricci Flat Metrics
As we will see, there can exist obstructions to the existence of Ricci flat metrics. The simplest of these are topological obstructions. However, by considering explicit attempts to construct Ricci flat metrics one can encounter more subtle obstacles, as we will review. These are certainly worthy of more detailed study. In this section we mainly focus on the simply connected category (Type A).
Topological Obstructions
In dimensions one, two and three, Ricci flatness is equivalent to local flatness, in which case there are no compact, simply connected examples. Dimension four is the lowest dimension in which it is possible to have a compact, simply connected Ricci flat manifold. In dimension four, Conjecture 2 asserts that K3 is the only simply-connected compact manifold which admits stable Ricci flat metrics. Dimension four is also a setting in which many useful results are known, such as Freedman's theorem [18] which classifies compact, simply-connected, topological 4manifolds and a wealth of results which followed from Donaldson's gauge theoretic approach [14] and, then, later, the Seiberg-Witten equations [42] .
The topological types of simply-connected, compact four-manifolds are classified as follows: If X is spin (and satisfies the 11/8 conjecture), then it is a connected sum of m K3s and n copies of S 2 × S 2 . In the non-spin case, it is a connected sum of p CP 2 s and qC P 2 s. Let us denote these manifolds as X 4 (m, n) and Y 4 (p, q). In dimension four, our conjecture is the statement that out of all of these four-manifolds, only the case X 4 (m = 1, n = 0) = K3 admits stable, Ricci flat metrics. Donaldson's work also led to the demonstration of the existence of many exotic smooth structures on these manifolds. In the case of K3, Ricci flat metrics exist only in the standard smooth structure that it inherits as a complex manifold. In any case, exotic smooth structures will not play much of a significant role in what follows, though it is important to bear in mind that a given four manifold could admit several, even many exotic smooth structures.
For lots of values of (m, n) and (p, q) one can prove that Ricci flat metrics do not exist. In fact, there can be topological obstructions. Perhaps the most well known of these is the Hitchin-Thorpe inequality [22] which is an inequality between the Euler number χ(X) and its signature τ (X) :
Theorem (Hitchin-Thorpe): An oriented, Einstein, 4-manifold, (X, g) satisfies 2χ(X) ≥ 3|τ (X)|.
Hence, every Ricci flat 4-manifold must satisfy this topological condition. Combining this with the above, it is clear that if q is sufficiently large for fixed p, Y 4 (p, q) violates the Hitchin-Thorpe inequality and, hence, no Ricci flat metric can exist. One can extend these ideas by making use of Seiberg-Witten theory. LeBrun in particular has shown that there exist manifolds which satisfy the Hitchin-Thorpe inequality, but nonetheless do not admit Einstein metrics [28] .
When X is a spin manifold, a similar argument can be obtained using spinors and the Lichnerowicz-Weitzenbock formula and was first exploited by Lichnerowicz and then by Hitchin [30, 21] . Let D g denote the Dirac operator associated with the metric g X . D g acts on sections of the spin bundle of X. The square of D g on (X, g) satisfies:
where ∇ g is the Levi-Civita connection and R g the scalar curvature. Clearly then, if g is a Ricci flat metric, R g = 0, so zero modes of D g are in fact parallel spinors. Since any Ricci flat metric which admits parallel spinors actually has special holonomy, a Ricci flat manifold of generic holonomy necessarily has no harmonic spinors and, hence, zero Dirac index. Therefore, we see that Theorem (Hitchin): a compact manifold with non-zero Dirac index can never admit a Ricci flat metric of general holonomy.
One can exploit this argument to construct large numbers of manifolds which can not admit Ricci flat metrics, simply by taking connected sums to produce manifolds with non-zero Dirac index. For example, in dimension four, for X 4 (m, n) = mK3#n(S 2 × S 2 ), we have that the Dirac index,Â(X 4 (m, n)) = 2m. Hence, we obtain:
Corollary: Let X 4 (m, n) be the 4-manifold obtained by taking the connect sum of m K3s and n copies of S 2 × S 2 . For all m ≥ 1 and n ≥ 1 X 4 (m, n) cannot admit a Ricci flat metric. Similarly, X 4 (m ≥ 2, 0) cannot admit a Ricci flat metric.
Two interesting cases are worth noting upon here. Firstly, X 4 (1, n) admits Ricci flat metrics if and only if n = 0. This is because,Â(X 4 (1, n)) = 2 (independent of n) but having two parallel spinors implies that a simply connected 4-manifold must be K3. This means that one cannot glue S 2 × S 2 s into Ricci flat K3 manifolds whilst preserving Ricci flatness. This brings us to our second point, which is apparently a fairly longstanding unsettled 4 question:
Question: does S 2 × S 2 admit a Ricci flat metric?
We hope that this paper will serve to stimulate further interest in this question (and also the question for X 4 (0, n)). Perhaps using the fact that X 4 (1, 1) does not admit a Ricci flat metric, by taking a suitable ansatz one can make progress on this question, since it is the glueing in of S 2 × S 2 into K3 that destroys Ricci flatness. A related, interesting result is due to Kapovitch and Lott, who have shown that compact 4-manifolds with non-zero Dirac index, volume bounded below, diameter bounded above and suitably small Ricci curvature must in fact be K3 surfaces [26] .
One can clearly extend these sorts of arguments to higher dimensions. For instance, In dimension eight, the Ricci flat special holonomy groups are Sp(1) × Sp(1), Sp(2), SU (4) and Spin (7) . The index of the Dirac operator on these manifolds is, resp. 4, 3, 2, 1 and examples exist realising all four possibilities. Therefore, Theorem (Futaki, [19] ): Let X 8 be a simply connected, compact 8-manifold with non-zero Dirac index. Then X 8 can admit a Ricci flat metric if and only if the index is 1, 2, 3, 4 and such a metric has special holonomy.
Corollary: Let X 8 be a compact manifold which admits a metric with holonomy Spin (7) and let X 8 p = #pX 8 be the manifold obtained by taking the connect sum of X 8 with itself, p times. When p ≥ 5 X 8 p cannot admit a Ricci flat metric.
It would be very interesting to see how many homotopy types of 8-manifolds can be realised by taking connected sums using only special holonomy manifolds.
For completeness we extend these statements to 4k dimensions when k ≥ 3. In these dimensions, neglecting Riemannian products for simplicity, the only possibilities for Ricci flat special holonomies are Sp(k) and SU (2k). Manifolds with these holonomy groups have Dirac index k + 1 and 2 respectively. Therefore, any (non-product) compact, simply connected 4k-manifold whose Dirac index is non-zero cannot admit a Ricci flat metric unless the index is k + 1 or 2, in which case the only Ricci flat metrics will have special holonomy.
Unfortunately, the Dirac index is non-zero only in 4k-dimensions, so these arguments are not of much use in the physically interesting cases of dimensions six and seven. However, in dimensions 8k + 1 and 8k + 2, there is a refinement of the Dirac index [31] which could also obstruct the existence of Ricci flat metrics. This could potentially be worth considering in nine and ten dimensions.
Explicit Constructions
One could attempt to prove the existence of Ricci flat metrics with generic holonomy on simply connected manifolds by explicit gluing constructions. For instance, by gluing in a non-compact, known Ricci flat manifold into a known Ricci flat manifold with boundary. Following a suggestion of Page, Brendle and Kapouleas considered what might be termed a non-supersymmetric Kummer construction in [6] . Here, the idea is to modify the standard Kummer construction of Ricci flat K3 manifolds.
In the classic Kummer construction, one begins with a singular, locally flat orbifold, T 4 /Z 2 , which has 16 singular points, locally modelled on the origin in R 4 /Z 2 . To prove the existence of a hyperKähler metric on a smooth K3 manifold, one removes a small neighbourhood of the singular set and glues in a very small Eguchi-Hanson (EH) manifold to make a simply connected 4-manifold diffeomorphic to K3. With a suitable gluing ansatz, one can assume that the metric on the K3 is very well approximated by the special holonomy Eguchi-Hanson metrics near these glued in regions. Finally, some perturbation theory and non-trivial analysis is used to demonstrate the existence of the supersymmetric, Ricci flat metric. This was originally proven in [38, 29] . Donaldson also has an excellent, recent exposition of this construction [15] . A crucial point about the geometry and topology of this example is that the Eguchi-Hanson's must all be glued in with the same orientation in order to produce a manifold whose signature is 16 (or minus 16). However, as real manifolds one can glue them in with either orientation to obtain a topological 4-manifold which will not be diffeomorphic to a K3 surface unless they all have the same orientation. This process breaks supersymmetry, because an Eguchi-Hanson with the original orientation has two parallel spinors which are sections of the positive chirality spin bundle S + , but those of its orientation reversed reflection are sections of S − . Brendle and Kapouleas consider the case with eight Eguchi-Hanson's and eight anti-Eguchi-Hanson's arranged in a symmetric checkerboard configuration amongst the 16 fixed points. They concluded that there is no Ricci flat metric at second order in perturbation theory close to the Kummer limit. Of course, this does not prove there is not a Ricci flat metric in some other region of the space of metrics, but it is physically striking that, even though the EH's and anti-EH's are localised in small regions and are far apart from one another, that they sense each others presence via the long range induced potential on the space of metrics.
It would certainly be very interesting to analyse the less symmetric versions of this construction further and also a related simpler, non-compact version: the locally flat orbifold (R 3 × S 1 )/Z 2 which has two fixed points both modelled locally on R 4 /Z 2 could also be desingularised by gluing in Eguchi-Hansons of opposite orientation. Does this admit a Ricci flat metric? One can also consider higher dimensional generalisations of this idea. For example, compact Calabi-Yau manifolds often have points in the space of Ricci flat metrics at which isolated singularities develop, such as conifold singularities. If one can view the smooth nearby Ricci flat Calabi-Yau metrics as arising from a gluing construction, one could then produce potential non-supersymmetric examples by changing the orientations and/or complex structure of the non-compact model metric that one uses to glue in.
Non-simply Connected Ricci flat Manifolds and Witten Instabilities.
We now consider non-simply connected compact Ricci flat manifolds. There are essentially two cases to consider: (Type C) finite quotients of tori or (Type B) finite quotients of compact simply-connected Ricci flat manifolds. We consider Type C first.
Compact Flat Manifolds.
All such manifolds are finite quotients of flat T n by a subgroup, Γ, of the Euclidean group E(n) ∼ = O(n)⋉R n . We will restrict our attention to the oriented case, so the rotational elements of Γ are in SO(n). Since T n /Γ is locally flat, non-trivial holonomies are generated by Γ and, in fact, Hol(T n /Γ) = Rot(Γ), where Rot is the natural projection Rot : E(n) → SO(n) which forgets translations. Since the holonomy group is non-trivial, we can ask: when is T n /Γ supersymmetric? The answer is that it must admit a parallel spinor. This was addressed in dimension three in [35] . In dimension three there are six compact orientable 3-manifolds and by explicitly calculating the spectrum of the Dirac operator in all of the spin structures on all of these manifolds, it was concluded that T 3 with the standard spin structure is the only manifold with a parallel spinor. In this sense T 3 with its standard spin structure is the only supersymmetric, compact oriented Ricci flat 3-manifold. There is a natural explanation of this fact: Spin(3) has no non-trivial subgroup which preserves spinors.
In higher dimensions however, Spin(n) contains subgroups which preserve spinors and these subgroups must be contained precisely in one of the Ricci flat special holonomy groups in Table 1 . Hence, the natural extension of this result is that T n /Γ admits parallel spinors precisely when Rot(Γ) belongs to one of the Ricci flat special holonomy groups. Since these cases are supersymmetric, we now focus on the non-supersymmetric cases. We will show that, in many cases there is a non-perturbative instability of the type first discussed by Witten in [41] .
Witten considered the following non-compact Ricci flat metric on R 2 × S 3 :
where r ∈ |R, ∞), R is a positive constant, θ ∈ (0, π), dΩ 2 2 is the round metric on the unit two-sphere and φ ∈ (0, 2π). The bracket multiplying r 2 in the second term is the round metric on the three sphere, written as a (co-)sine cone.
The metric is obtained as an analytic continuation of the five dimensional Lorentzian Schwarschild metric, which is the explanation of the fact that φ is a coordinate on a unit circle. A further analytic continuation θ → it yields a Lorentzian metric describing Wittens bubble of nothing. At r → ∞ the geometry is flat R 3,1 × S 1 , where the circle has radius R. A coordinate transformation to standard Minkowski coordinates reveals that in the complete manifold, what is ordinarily the inside of the lightcone does not actually exist since the geometry ends at r = R. Hence, the metric describes a bubble which is expanding faster and faster and asymptotically, at t → ∞ approaches nothing, hence the terminology.
From a mathematical point of view, one can view the manifold as a spacetime, asymptotic to flat R 3,1 × S 1 but also with zero energy [41] . A crucial fact, however, is that, since R 2 × S 3 has a unique spin structure, the geometry singles out a spin structure on the circle at infinity. In fact, this is the odd spin structure, because of the first analytic continuation. Therefore, R 3,1 × S 1 is unstable in this sense, but only with the odd spin structure. This is in keeping with our conjecture that non-supersymmetric Ricci flat manifolds are unstable, because the odd spin structure is naively incompatible with supersymmetry 5 . We now go on to explain how compact flat 3-manifolds can decay via a similar mechanism.
Compact, Orientable Flat 3-manifolds and Witten Instabilities
.
In dimensions one and two the only orientable, compact examples are S 1 and T 2 . In dimension three, there are six classes of examples. These six classes can be uniquely specified by their holonomy groups. Let R 3 have coordinates (x 1 , x 2 , x 3 ) and denote by R i (θ) the SO(3) rotations by angle θ about the x i axis. Further, let (R i (θ), b) denote the elements of the Euclidean group given by rotations about the x i -axis combined with a translation by b so that x → R. x + b. Then the following table describes all six classes (up to moduli which have been fixed for convenience), G1 to G6. The second column specifies the lattice defining the covering T 3 , the third gives the generators of Γ which acts freely on the T 3 and the final column the holonomy group.
Manifold
Lattice Γ Holonomy G1 a 1 = (1, 0, 0); a 2 = (0, 1, 0); a 3 = (0, 0, 1) 1 1 G2
(1, 0, 0); (0, 1, 0); (0, 0, 1) α = (R 3 (π), a3 2 ) Z 2 G3
(1, 0, 0); (0, 0, 1); (− 1 2 ,
(1, 0, 0); (0, 1, 0); (0, 0, 1)
(1, 0, 0); (0, 0, 1); ( 1 2 ,
2 ) (1, 0, 0); (0, 1, 0); (0, 0, 1) A crucially important aspect of Witten's bubble of nothing instability was the spin structure of the circle. The spin structures of these six 3-manifolds will also play a crucial role here. These have been classified in [35] and we reproduce those results here for completeness. A spin structure on these flat 3-manifolds is essentially a homomorphism from the lattice generators and Γ to Spin(3) = SU (2) whose projection down to SO(3) = SU(2)
Z2
gives the appropriate rotations. Each of the examples G2 through G5 have the property that α N = a 3 , for N = 2, 3, 4, 6. In example G6 we have α 2 = a 3 and β 2 = a 1 and γ 2 = a 2 . These relations fix the choices of allowed spin structures to be those given in Table 3 . In the G2 through G5 cases,α denotes the diagonal SU (2) matrix with entries (e πi N , e −πi N ) which satisfieŝ α 2N = 1. In the G6 case, the three elements of the holonomy group map to i times the three Pauli matrices. In total, there are 28 choices of spin structures on G1 − G6. Our conjecture would assert that all of these are unstable except T 3 with the standard spin structure. Notice that in all 28 cases except two, the spin structures on the 3-manifold are inherited from an odd (i.e. non-standard) spin structure on T 3 . The remaining cases are the standard spin structure on T 3 which is supersymmetric and G3 in the case a 1 → 1.
Consider now the following Ricci flat metric on R 2 × S 3 × T 2 :
with x 1 and x 2 coordinates on T 2 . In this metric, it is natural that the coordinates (r, x 3 ) are polar coordinates on R 2 minus a disc of radius R. This metric mediates the decay of R 3,1 × T 3 but with odd spin structure in the x 3 direction. By permuting the x i accordingly, we get a metric describing the decay of T 3 with any odd spin structure. Furthermore, the metric is also invariant under Γ transformations. Hence, we can also think of it as a metric on (R 2 × S 3 × T 2 )/Γ, which can be regarded as a flat bundle over the singular orbifold T 2 /Γ with generic fibre R 2 × S 3 and fibres (R 2 × S 3 )/Γ over the fixed points of Γ acting on T 2 . In other words, these manifolds can be regarded as T 2 /Γ families of Witten's original example. This seems to establish that 26 out of the 27 possible non-supersymmetric spin structures on compact flat 3-manifolds are unstable in this sense.
All of these flat backgrounds can be studied as exact worldsheet conformal field theories following [13] in which case the exact mass spectrum of string states can be computed. At small radii, of order the string length, they all contain tachyonic states and perhaps this is consistent with the instability uncovered here.
In higher dimensions it is clear that this phenomenon should generalise and we would therefore conclude that many non-supersymmetric compact flat manifolds are unstable. It would certainly be interesting to investigate this further and there are a wealth of examples since the number of compact flat manifolds grows rapidly with dimension. Clearly though, whenever Γ contains generators, α, of even order, the corresponding spin structures must be inherited from non-standard spin structures on the covering T n and, hence, we expect a generalised Witten instability.
We finally go on to discuss finite quotients of compact, simply connected Ricci flat manifolds, that is Type B.
Quotients of Compact Simply connected Ricci flat manifolds
We now discuss Type B. All such manifolds are of the form M ∼ = X/Γ ′ , where X is compact and simply-connected and Γ ′ is a freely acting finite group. If X is such that it admits a Ricci flat metric of generic holonomy, then it is treated in the previous section. The new phenomenon that we consider here is when X has special holonomy and parallel spinors which are however not Γ ′ -invariant, so that M does not admit parallel spinors and X/Γ ′ is not supersymmetric.
The classic example of this phenomenon are the Enriques surfaces, S. These are all diffeomorphic to K3/Z 2 for some special K3 surfaces. Thus, if one has a K3-surface with a Ricci flat metric admitting a freely acting Z 2 symmetry, the metric inherited by the Enriques surface S will also be Ricci flat. Unlike the dimension three examples discussed above though, S is not a spin manifold. However, presumably string theory on S makes sense, when viewed as an orbifold conformal field theory. We can give one such description here, which is a flat orbifold limit of S = T 4 /(Z 2 × Z 2 ). We emphasise, that whilst superficially similar to the flat examples considered previously, this example is not of Type C, since the fundamental group of Type B examples is finite, unlike Type C manifolds.
Denoting coordinates on T 4 as before as (x a ) a = 1, 2, 3, 4, the action of Z 2 × Z 2 is given by
As an orbifold conformal field theory, there are tachyonic states in the small radius limit, so there is certainly an instability at small volume. At large volume we can try and follow the discussion of the previous subsection. It would be very interesting to study this and the examples of the previous section in more detail using the worldsheet conformal field theory.
One can view this particular, singular Enriques surface S as a quotient by α of a Kummer K3 = T 4 /Z 2 . But, one can also consider it as a quotient of T 3 /Z 2 × S 1 by β and, since T 3 /Z 2 has the Witten instability we discussed above, it seems likely that ds 2 = dr 2 (1 − R 2 /r 2 ) + r 2 (dθ 2 + cos 2 θdΩ 2 2 ) + (1 − R 2 /r 2 )R 2 dx 2 3 + dx 2 1 + dx 2 2 + dx 2 4 (9)
describes the decay of S. Formally, this is true, however, our model for S is singular and one would like to understand whether or not a suitable gluing construction demonstrates that smooth Enriques surfaces obtained by a generalised Kummer construction are unstable in this sense. We leave this for future work 6 . Also note that, if we did not quotient by α, one would be tempted to say that this metric described the decay of a Kummer K3. This is not the case because T 4 /Z 2 is a K3 surface only for the standard spin structure on T 4 and in writing the above metric we are explicitly picking an odd spin structure. For general, smooth, Ricci flat M ∼ = X/Γ ′ without parallel spinors we suspect the existence of an instability of this kind and it would certainly be interesting to pursue this further.
In any case, the conclusions of this section are tentatively very similar to those in [23, 32] where it was shown that non-supersymmetric quotients in the AdS case tend to be susceptible to generalised Witten instabilities of the kind discussed here.
Discussion.
The questions considered here are related to questions in quantum gravity, such as: is Minkowski spacetime supersymmetric? [3] . What are the implications of the existence of stable, compact, simply connected, nonsupersymmetric Ricci flat manifolds?. Well, these would provide stable, non-supersymmetric solutions of superstring/M theory in Minkowski spacetime. A natural presumption is that if such stable, non-supersymmetric, compact Ricci flat manifolds existed, then there would likely be many more of them than the special holonomy cases. In this case, the string landscape would be predominantly non-supersymmetric. From a generic point of view then, one would expect supersymmetry to play virtually no role atall in low energy physics such as the Higgs sector of the Standard Model or dark matter. Now suppose that, somewhere in the future, supersymmetric particles such as gluinos, squarks or selectrons are discovered in a collider experiment or elsewhere. Then, if our conjecture is false, we could be left having to explain why nature picks a Ricci flat special holonomy space to model the extra dimensions versus all the other presumably vast number of possibilities. On the other hand, if the only possible Minkowski spacetimes are actually supersymmetric, this would be a much more satisfying, generic conclusion. This argument makes sense irrespective of the naturalness or hierarchy problem and is consistent if the masses of the newly discovered supersymmetric particles are below the compactification scale.
